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Abstract 



In this paper we investigate L p and Sobolev boundedness of a certain class of pseudodifferential 
operators with non-regular symbols. We employ regularisation methods, namely convolution with a 
net of mollifiers (p e ) e , and we study the corresponding net of pseudodifferential operators providing 
Oh ' L p and Sobolev estimates which relate the parameter e with the non-regularity of the symbol. 
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a 

Introduction 

> 

■ The mathematical research in the field of pseudodifferential operators most frequently concentrates on 

operators with smooth symbols. However, applications to several problems in PDE, from nonlinear 
problems to problems on non-smooth domains, require symbols with minimal smoothness, i.e., non- 
regular symbols. With this expression we mean symbols which are smooth in the variable £ but less 
regular in x (for instance in some Sobolev space or Holder- Zygmund class). Pseudodifferential operators 
with non-regular symbol have been studied by different authors in particular in connection with their 
mapping properties on LP and Sobolev spaces. We recall the work of M. Nagase and H. Kumano- 
go at the end of the 70's in [15, 19], the work of J. Marschall for differential operators with Sobolev 
coefficients in [16, 17] and the deep study of pseudodifferential operators with non-regular symbol of 
Holder-Zygmund type in [21, Chapters 1, 2] and [22, Chapter 1]. For some recent work on non-regular 



symbols and boundedness results on LP spaces, Besov spaces or weighted Sobolev spaces we refer the 



reader to [2, 3, 4, 5]. 



In this paper we study pseudodifferential operators with non-regular symbol in the exotic class C^S^i, 
i.e., of type (1, 1), smooth in £ and in the class CI with respect to x. Inspired by the continuity result 
of G. Bourdaud in [1] and the pioneering work of Stein [20], Michael Taylor has proved that if r > 
a pseudodifferential operator with symbol in C°S7\ is bounded on H s,p provided that < s < r and 
p G (1, oo) (see [21, Theorem 2.1. A]). Our aim is to enlarge the family of Sobolev spaces on which this type 
of non-regular pseudodifferential operators are bounded. We do this via approximation/regularisation 
methods, in the sense that given a € CIS® x we study a net of pseudodifferential operators a e (x, D) with 
regular symbol a e converging to a when e tends to 0. a £ is regular in x since it is obtained via convolution 
with a mollifier p, i.e., a £ (x,£) = (a(-,£) * p £ )(x), with p £ (x) — e^ n p(xje). From the boundedness result 
of Taylor we clearly expect a blow-up in e when s > r. Our main achievement is a precise estimate of 
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this blow-up which can still detach the boundedness on Sobolev spaces when s e (0,r). In detail, for 
a pseudodiffercntial operator with symbol a in C^S® 1 we get a blow-up of type s~ h in the fP' p -norm 
when r > and s e (0,r + h), i.e., \\a E (x, D)f\\ H s, P < Ce- fc ||/|| for all / e # s ' p and e e (0,1]. More 
general nets of pseudodiffcrential operators, depending on the parameter e but not necessarily defined 
via convolution with a mollifier p e , are investigated in the final part of the paper under the point of view 
of LP and Sobolev continuity. 

We now describe the contents of the paper in more detail. 

Section 1 provides some background on Holdcr-Zygmund classes and their regularisation. It is inspired 
by the investigation of Holdcr-Zygmund regularity in the Colombeau framework initiated by G. Hormann 
in [11] and is motivated by geophysical problems (see [12, 13, 14]) modeled through differential equations 
with Holder- Zygmund coefficients. More precisely, we study how the net u* p e depends on the parameter 
e when u € C*(R") and we compare its CJ +r - and CJ-norms for arbitrary positive r. We complete this 
section with some interpolation and continuity results for nets of linear operators which will be employ in 
the Sobolev context in Section 2. Section 2 is the core of the paper where the LP- and i/ s ' p -boundcdncss 
of regularised nets of pseudodifferential operators is proved. The results obtained for operators with 
symbol a e (x,£) = (a(-,£) * p s )(x) when a in C^S^i follow the line of proof of Taylor in [21, Chapters 
1, 2] and [22, Chapter 1] and make use of concepts as S^-partition of unity, equivalent Sobolev norms 
and decomposition into elementary symbols. The novelty represented by the parameter e is certainly 
crucial and requires, at every step of the proof, precise estimates which keep track of it. Our main result 
is not the continuity estimate per se but rather the understanding of how the continuity constant (now 
depending on the parameter e) is related to the Holder-Zygmund properties of the non-regular symbol a. 
By means of its refined methods and boundedness results, Section 2 also provides a new way to look at 
nets of pseudodiffercntial operators of the type recently studied in [7, 8] in the framework of Colombeau 
algebras. The paper ends with Section 3 where we consider arbitrary nets (a £ ) s of regular symbols and 
we prove LP and Sobolev boundedness of the corresponding nets of pseudodifferential operators. 

1 Regularisation in the space and some notions of inter- 

polation 

This section provides the technical background necessary for the investigation of LP and Sobolev bound- 
edness in Section 2. We begin by studying the regularisation, via convolution with a mollifier, of tempered 
distributions in Holder-Zygmund classes and we then pass to consider nets of linear operators acting on 
interpolation couples of Banach spaces. 

1.1 Regularisation via convolution with a mollifier in the space Q(R™) 

Following, [10, Section 8.5] we introduce the Holder-Zygmund classes via a continuous Littlewood-Paley 
decomposition: let ip e V(R n ) real valued and symmetric such that (p(£) = for |£| > 1 and tp(£) = 1 for 
|£| < 1/2. Let V = &<p(£/t)\t=i = -£ • Vy>(0. Then > 

.-*o + r*(!)?. 

and the decomposition formula 



holds in y'(R n ). 

Let s € R we define the Zygmund space C»(R") as the set of all u <E ^'(R™) such that 

ll M llc= = IM-DHloo + sup^HVK-D/O^lloo < oo 
*>i 



r+oo / 

u = tp(D)u + ipl 



dt 
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with ip and ip as above. Up to equivalence of the norm this definition is independent of the choice of the 
Littlewood-Paley decomposition (<p, ip). We recall that CJ(M") coincides with the Holder space C S (R") 
when s > is not integer. For a survey on Holder and Zygmund classes we refer the reader to [10, 
Sections 8.5, 8.6] and [24]. 

We now study the convolution of u £ C*(R™) with a mollifier p, i.e. a function p in with J p = 1. 

More precisely we will convolve u with the delta-net p e (x) := e~ n p(x/e). The following preliminary 
lemma can be found in [18, Section 2.6, Lemma 12] and has been adapted to the case of rapidly decreasing 
functions in [11, Lemma 17]. We recall that for reN, y r (M. n ) denotes the space of all smooth functions 
/ such that su Pa;eR „(l + |ar|) m |d a /(a:)| < oo for all m e N and all a e N™ with \a\ < r. 

Lemma 1.1. 

(i) Let s, r £ N with < s < r. If f e S^riW 1 ) has moments up to order s vanishing, i.e., J x 1 f(x)dx = 
for I7I < s then there exist functions f a e y r (R n ) with \a\ = s such that 

f= E da f»- 

\a\=s 

and J f a (x) dx = for \a\ = s. 

(ii) If f e yiW 1 ) has all the moments vanishing then the representation above holds for all s e N with 
f a ey(R n ). 

Proposition 1.2. Let p be a mollifier in YiW 1 ) and let set. For all r > there exists C > such 
that 

\\u * Pe\\ci+ S < Ce~ r \\u\\ci 
holds for all u e C*(R") and all e G (0, 1]. 

Proo/. By definition of CJ(R n ) we have 

||u|| c < = ||^(DH|co + supi s ||V(T>AH|oo 
t>i 

with t/9 and ip as at the beginning of this subsection. By applying the operator ip(D) to u e := u * p e we 
have that 

(1-1) ||p(£>)(u c )||oo < ||¥>(D)«||oo||p e ||i < M^Mloo- 

and 

supt s ||i/>(D/t)u e || 00 < sup t s ||-0(^A)w||oo||p e ||i 
t>l t>l 

This means that ||w e ||cj < IMIc; and therefore the case r = is trivial. Let us consider r > integer 
and let us take ip e C^°(R™) with ip = near and ^ = 1 on supp (?/>)■ It follows that F~ lr ip has all the 
moments vanishing and that ip(D/t)u* p £ = ip{D/t)u*ip{D/t)p £ . Lemma 1.1(m) applied to T~ x ip allows 
us to find functions ip a with \a\ = r such that 

a|— r |a|— r 

Combining basic properties of the Fourier transform with the convolution we have that ip(D/t)p £ can be 
written as 

t- r e~ r £ MD/t)(D a p) £ . 

\a\—r 

This yields the estimate 

||<M£AK||co<t- r £- r £ ||^(^A)«*^(^A)(^»e||oo<t- r - S e- r ||«||c; E ll^(^A)(^»e||l. 
|a|=r |a|=r 
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Arguing as in the proof of Theorem 1.1 in [11] we see that when t > e 1 any \\ip a {D /t){D a p) e \\i can be 
estimated by a constant C depending only on p, ip, r and n. In other words, 

(1.2) sup f+iVODAKIloo < C||«|| c .e-'-. 
Since, 

(1.3) sup t r+s \\il)(D/t)u £ \\oo < sup t r \\u\\ c: < ||u||cj£~ r , 

KKe- 1 l<t<e-! 

combining (1.2) with (1.3) we conclude that 

(1.4) supi r+ lV(£>/*Klloo < C\\u\\ C s £ - r . 

t>l 

The estimates (1.1) and (1.4) show that there exists some constant C such that for all u £ C»(R n ), 

||« e || c j + r<Ce-'-||«||ci. 
If now r > is not integer we have that the estimate 

U(D/t)u £ \\ 00 <r r '- s e- r '\\u\\c i WMD/t^g)^. 

\a\—r' 

is valid for some integer r' > r. Under the hypothesis of t > e^ 1 this leads to 

HVPAKHoo < C\\u\\ Ci t- r - s e- r (te)- r ' +r < C\\u\\ Ci t- r - s e- r . 

Since (1.1) and (1.3) hold for every r > the proof is complete. □ 

Corollary 1.3. If u £ C^(R n ) and s + r > then there exists a constant C depending only on r such 
that 

||u*Pe||oo < C , e _r ||lt|| C ; (R n). 

Proof. This corollary is easily proved by combining Proposition 1.2 with the embedding C\ C L°° valid 
for t > (see the decomposition formula for tempered distributions at the beginning of this subsection 
or [24, 2.3.2, Remark 3]). □ 

Remark 1.4. Corollary 1.3 yields the estimate obtained by Hormann in [11] for the net ||c? Q (u* p e )||oo 
when a = and s ^ (sec Definition 3 and Theorem 7 in [11]). Note that by assuming that the mollificr 
p has vanishing moments J x a p(x) dx when a^O, Hormann has proved a more precise estimate of the 
norm \\u * p £ || oo when 5 = 0, namely || u * p e || qq = 0(log(l/e)) as e -> 0. 



1.2 Nets of linear operators and interpolation couples 

We conclude this first section by considering a net of operators (T , £ ) £e ( 0j i] acting on the complex interpo- 
lation of a couple {A , A{\ of Banach spaces. The notions of this subsections will be employ in Section 
2 for proving results of Sobolev boundedness. 

We begin by recalling that given A and A\ complex Banach spaces, the couple {^4o,^i} is called 
interpolation couple if there exists a linear complex Hausdorff space A such that both A and A\ are 
linearly and continuously embedded in A. It follows that A + A\ is a well defined subset of A. In addition 
A + A\ is a quasi-Banach space with respect to the quasi-norm ||a|| = inf ||a.o||v4 a + ll a ilUi: where the 
infimum is taken over all the representations a = a + a\ with a G A and a\ e A\. Referring to [24, 
Section 1.6] we now define the set of functions F[A\. 

Definition 1.5. Let {Aq, A{\ be an interpolation couple of Banach spaces, A — Aq + A\ and a = {z e 

C : < Rez < 1}. F[A] denotes the collection of all function f on a with values in A such that 
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(i) f is A-continuous on a and A-analytic in a with sup 2 . e ^ ll/C- 2 )!^ < °°7 

(ii) f(it) G Aq and /(l + it) G Ai for all f S 1, £/ie corresponding operators from WL to Aq and A\, 
respectively, are continuous and 

ll/IM = sup(||/(it)|U„ + + i*)IUJ < oo. 
Note that F[.A] is a Banach space for the topology induced by the norm above. 

Definition 1.6. Let {Aq, A±} be an interpolation couple of Banach spaces. Let A = Aq + A\ and 

9 G (0, 1). The interpolation space \Aq,A-\\q is the set of all a G A such that there exists f G F[A] with 
f{0) = a. 

[A ,Ai]g is a Banach space with respect to the norm ||a||[A ,>ii] 9 = m f/ ||/||f[A]> where the infimum is 
taken over all / G F[A] with f(6) = a. 

Proposition 1.7. Let {A , A{\ and {B ,B{\ be two interpolation couples and let (T e ) ee ( 01 ] be a family 
of linear operators from A = A a + A\ to B = B a + B\ such that T e : Aj — »■ Bj is continuous for j = 0, 1 
and all e G (0, 1], i.e., 

Vj = 0, 1 3( Wj , e ) e G R(°- 1] Va G AjVe G (0, 1] \\T e a\\ Bj < Uj,ehW 

Hence, for all 9 G (0, 1) and all e G (0, 1], the operator T s maps [Aq, Ai]g into [B , B\]e and the inequality 

H^alllBo.BiJe < max(w ,e,wi, £ )||a|| [Aoi ^ l]9 

holds for all a G [A , Ai]g and all e G (0, 1]. 

Proof. We begin by noting that T £ is continuous from A to B. Indeed, by working with any representation 
a + ai of a we get 

\\T e a\\ B < ||r e ao||s + ||T £ ai|| Bl < max(w 0iE , Wi i£ )(||a |U + HailUJ < max(w , e , uj lte )\\a\\ A . 

It is easy to see that if / G F[A] then T e o f g F[B] for all e. By definition of the norm || • ||[b ,Bi] s we 
have that 

\\T e a\\ [BoiBl]9 < sup \\g(it)\\ Bo + ||.g(l + it)\\ Bl 
for all g G F[B] with g(9) = T £ a. It follows that for / G F[A] with f{9) = a we can write 

||r e o|| [Bo , Bl]9 < sup \\{T £ o f)(it)\\ Bo + \\{T e o /)(1 + it)|| Bl . 

teR 

The continuity of the operator T e restricted to Aq and A\ yields 

(1.5) ||T e a|| [Bo . Bl ] e < sup(wo,e||/(i*)|U + wi, e ||/(l + it)\\ Al ) < max(w ,e, Wi ;e )||/|| F[ ^]. 

Since (1.5) holds for all / G F[A] with f{9) = a we conclude that 

ll^alllBo.Bilfl ^ max(w 0;£l wi, £ ) inf ||/||f[A] = max(u 0)E , wi, e )||a|| [Ao)Al] . 

□ 

In this paper we are mainly interested in the interpolation of Sobolev spaces. We recall that, for s G M and 
p G (1, oo), the Sobolev space H°(R n ) is the set of all distributions u G y'(W l ) such that (D x ) s u G LP . 
It is a Banach space when equipped with the norm ||u|| B » = || (D x ) s u\\lp. As shown in [24, p. 40], for 
p G (1, oo), s , si G K and 9 G (0, 1) one has 

(1.6) [H*>,H?] e =H' p , 
with s = (1 — 9)s + 6s\. 
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2 L p and Sobolev boundedness of pseudodifferential operators 
with symbol in C£Sft(R 2n ) 

In the sequel we will consider a symbol a e C^S'™ 1 (R 2 ™), i.e., a function a(x, £) which is smooth in £ and 
of class C£ in x such that the following estimates hold: 

Va G N"3c Q > ||^a(-,OI|oo < Ca<O m_|a| , 

Va G N"3C a > P?a(-,Ollc; < Ca(£) m - H+r . 

Let ft > 0. It is clear from Proposition 1.2 that if we convolve a e CJS , ™ 1 (R 2 ™) with a mollificr p e we 
obtain a net of symbols a e (x,£) = (o(-,0 * Pe)(z) G C^Sj^R 2 ™) such that 

VaeN"3c Q >0 ||D£a e (a:,0lloo < ||p £ ||i||^a(z,0lloo < c a <0" , " |a| , 

and 

Va G N"3C Q > \\D%a s (;Z)\\c:+» ^ Ca^ll^O.OIIc; < C a e- h ^) m ~^ +r . 

We recall the following boundedness result of M. Taylor [21, Theorem 2.1. A.]: If r > and p G (l,oo), 
then for a(x,£) G C»5J^ 1 (R 2n ), 

a(jc,D) : i? s + m 'P -> H s ' p 

provided s G (0, r). 

Our goal is to drop the restriction on s by working with the convolved symbol a e and to obtain precise 
continuity estimates of a e (x, D). We already know that since a £ G CJ + ' i S , ™ 1 (R 2 ™) for any ft > the 
corresponding net of operators maps H s+m ' p into iJ s ' p when s belongs to the interval (0,r + ft). This 
means that by convolution we are able to enlarge the s-interval of any positive real number ft. A precise 
estimate of the Sobolev boundedness of the operator a s (x,D) requires a decomposition into elementary 
symbols and some preliminary work involving fig-partitions of unity as in [21, Chapter 1]. 

2.1 S^-partition of unity and equivalent Sobolev norm 

Definition 2.1. We say that a family of real valued smooth functions (tpj)j is a Sq -partition of unity 
(or Littlewood-Paley partition of unity) if 

(i) MO = 1 for |£| < 1 and MO = for |£| > 2; 

(ii) for each j > 1, 

MO = V-o(2- j O - M^ j+1 - M^~ j+1 0; 

(Hi) J2j *Pj( x ) = 1 f or ever U x G R™. 

Note that supp^ C {£ : < |£| < 2^ +1 } for all j >1 and by (ii), for all a G N" there exists c a > 
such that 

\\D a M\oo < c a 2~^ 

for all j e N. In addition {tpj(D) : j E N} and {X)z<j rfliD) ■ j G N} arc uniformly bounded on 
Proposition 2.2. Lei (V"j)j ^ e a S^-partition of unity. Then there exists a constant c > suc/i that 

||^OD)/Iloo < cll/IU 
and _ 

||£>(0)/ll=o<c||/||oo, 

/or a// j G N and / G L°°(R"). 



6 



Proof. We begin by observing that ipj(D)f(x) can be written as (2tt) n ipj * f(—x), where f(x) = f(—x). 
Hence 

HViWIloo < (27r)-"||/|| 00 ||^|| 1 . 
Since = 2^- 1 )"V^(2^- 1 we get 

||^P)/lloc<(27r)-"||^|| 1 ||.f|| 00 , 

for all j > 1. Hence 

||^P)/||oo < (27r)-"max(||^|| 1 ,||^|| 1 )||/|| 00 

for all j G N. Note that X)z<j ^i{D)f = ipo,j{D)f ', with "0o,j (C) = V'o^"-'^)- Arguing as above we obtain 
the estimate 

llE^^/lloo < (27r)-"||/|U||^||i < (27r)-"||^|| 1 ||/|| 00 

l<j 

which completes the proof. □ 

The following technical lemmas will be employed in proving Theorem 2.8. We refer to [23, Theorem 
2.5.6], [17, Lemma 1.2] and [21, Appendix A] for the corresponding proofs. 

Lemma 2.3. For any S^-partition of unity {4>j)j, any p G (1, oo) and s€R the norms || • \\h<>-p and 

oo 

||{^4^|^P)(.)| 2 }^IL P 

3=0 

are equivalent. 

Remark 2.4. Note that when (ipj)j is a family of functions such that supp^o ^ {£, '■ |£| < 2} and 
supp^j C {£ : 2- 7 ~ 1 < |£| < 2 3+1 } then there exists a constant C > such that 

oo 

||{^4^|^( J DH 2 }^|| iP <q| w ||^ 

3=0 

for all u e H s ' p . This result can be found in [17, p. 340] and is obtained by applying the multiplier 
theorem 2.5.6 in [23]. 

Lemma 2.5. For any p e (l,oo) and s > there exists a constant C > such that for all sequences 
(fk)k of distributions in y'iW 1 ) with supp/ fe C {£ : |£| < ^42 fc+1 } for some A > and for all k E N, the 
following inequality holds: 

oo oo 

\\J2M\ H ^< c UY,* ks \f^\\Lv 

k=0 k=0 

We conclude this subsection by applying a S^-partition of unity to a regularised sequence A kj6 : — A^ * p e 
of distributions Ak in C£(R"). In the proof of Proposition 2.6 we make use of the fact that C£(M™) 
coincides with the Besov space ^fTR" - ) (see [11, Appendix] and references therein). B^ M (l n ) is the 
space of all u <G y'iW 1 ) such that x '■= sup J>0 2 jr \\iljj(D)u\\ 00 < oo, where (tpj)j is a S^-partition 

of unity. The definition of B^ ^(R") is independent of the choice of the partition (ipj)j- It follows that 
if u e Cl(R n ) then 

2^||^(^H|oo< IMIs^ <c\\u\\ C: . 

Proposition 2.6. Let (Ak)k be a sequence in C£(R"), r > 0, and (tpj)j be a S a -partition of unity. If 
there exists C > such that for all k e N, 

H^fclloo < C 

and 

\\A k \\ C ;<C2 kr 

then 
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(i) for all fc £ N, 

\\Ak, e \\oo < C, 

(ii) for all h>0 there exists a constant C > such that for all k £ N and for all e £ (0, 1] 

\\A k , s \\ c:+h < C'e- h 2 kr . 

(Hi) Finally, for all h> there exists a constant C" > such that for all j,k € N and all e £ (0, 1] 

||^(D)i4 fc , e ||oo < C"2-^ r + h h kr s- h . 

Proof. Since by definition A kt£ = ^4fc * Pe we have that 

||^4fe,e||oo < H^fclloollPelll < C. 

An application of Proposition 1.2 to yields 

|| j 4fe,£|| c ^+'' < Co||Afc||cj£~' 1 , 

where Co does not depend on k but depends on h. Combining this estimate with the hypothesis on 
ll^fellcj we conclude that for all h > there exists a constant C > such that for all fc e N 

\\A k , £ \\ c:+h < C's- h 2 kr . 

Finally, by definition of the class Cl +h we have that 

for all k, j in N. □ 
2.2 LP and Sobolev boundedness of pseudodifferential operators with symbol 

in crsjyR 2 *) 

We begin by considering pseudodifferential operators with elementary symbol. 

Definition 2.7. We say that a(x,£) is an elementary symbol in C^S*" 1 (R 2 ™) i/ it is o/ i/ie /orm 

oo 

^A k {x)<p k {£), 

and has the following properties: 

(i) the smooth functions ip k are supported on {£ : 2 fc_1 < |£| < 2 fe+1 } with <p/c(£) = <Pi (2~ fe+1 £) /or 
fc > 1 and ipo is supported on {£ : |£| < 2}, 

(ii) there exists a constant C > such that for all k £ N, 

WAkW^KC, \\A k \\ C r <C2 kr . 

Analogously, a(x,£) is an elementary symbol in ClS] n 1 (M 2n ) if and only ifa(x, £)tt(£) _m is an elementary 
symbol in CI S% A (R 2n ). 

Theorem 2.8. Let r > and a(x, £) be an elementary symbol in CIS® 1 (E 2n ). Let (tpj)j be a S^-partition 
of unity and A kjt£ := i/jj(D)A kt£ := ipj(D)(A k * p £ ). Set 

fe-4 fe+3 oo 

o-s{x, g) = y~] { y~] A kjt£ (x) + ^ ^fcj,e + ^ A fci , e (x)}^ fc (£)=ai !£ (x,£)+a 2 , e (x,£)+a3, e (x,£). 

fc j=0 j=k-3 j=k+i 

Then, the following estimates hold: 
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(i) for all s > and all p € (1, oo) there exists C\ > suc/i i/ioi 

||ai, e (a;,£))/||j r ..P <Ci||/|| jr ..P ) 
for all e e (0, 1] and aZZ / e ^QET); 
fiij /or all s > and all p G (l,oo) exists C\ > suc/i i/i<rf 

IK^^/Uhs.p <C 2 ||/||ir..P, 
/or e e (0, 1] and a// / € Y(W l ); 
(Hi) for all p € (1, oo), /or all h > and all s € (0, r + /i) i/iere exists C3 > suc/i i/iat 

||o 3ie (a;,D)/||j r .., <C 3 e-' , ||/||ff..P. 
/or aH e e (0, 1] and a// / G ^(R n ). 

Proof. Our proof makes use of the methods employed by M. Taylor in [21, p. 49-51]. We begin by 
considering a 1>£ {x, D)f = £ fc £^0 ^(^^(D)/ with / e ^(K"). Let / fe , £ := Yf]=t A kjt£ {x)ip k (D)f. 
We can write ai tS (x, D)f as ^,^4 fk,s- Since there exists A > such that supp(J : '(A k j i£ ip k (D)f)) C {£ : 
|£| < A2 fc+1 } for all fc > 4, j = 0, fc — 4 and e € (0, 1], an application of Lemma 2.5 to the sequence 
(fk,e)k yields 

00 fc— 4 

H, £ (x, D)/||tf S ,p < c||{ E 4 1 E ^e^W/l 2 } 1 IIlp. 

From Proposition 2.2 we have that {^2kj ipi{D) : j G N} is uniformly bounded on L°° and making 
use of the estimate on H-Afc^Hoo of Proposition 2.6 we conclude that there exists constants Co and C 
independent of e such that 

00 k — 4 00 

ii{E 4fe 1E A ^^)/r}"ii^^ c oii{E 4fc ii^iiLi^(^)/i 2 }"iiL P 

fc=4 j=0 k=4 

00 

<C'||{^4^|^P)/| 2 }^|| LP . 

fe=0 

Remark 2.4 applied to (ip k (D)f) k yields 

00 

||{^4 fes |^P)/| 2 }^|| LP <C 1 ||/||^. 

fc=0 

Let us now take d2,e(x,£) — J2k {Y^'jtl-s Akj,e( x )}fk(0- As above, an application of Lemma 2.5 
combined with Proposition 2.2 and Remark 2.4, entails 

00 

\\a 2 , s (x,D)f\\ H s, P <C\\{J2* ks \ E Akj,e<Pk{D)f\ 2 }*\\ Lr <C2\\f\\ H ..„ 

k=0 j=k-3 

for some constant Ci independent of e and /. In order to estimate a3, e (x, D)f we recall that by Proposition 
2.6 for all h > there exists C > such that 

U J (D)A k ^ E \\ 00 < C '2-^+ h H kr e- h , 

for all j, k and for all e G (0, 1]. From Lemma 2.5 we have 

oo oo oo J— 4 

\\a 3 , e (x,D)f\\ H s, P = HE E Akj,eMD)f\\H..* = llEE^^^/ll^- 

fe=0j=fe+4 j=4/c=0 
oo j — 4 oo J— 4 

j=4 fc=0 3=4 k=0 
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Since 



j-4 oo j-4 

\2 



j=A k=0 j=4 k=0 

oo j-4 

< 2 V ^ 2 (fe ^ )(r+/l - s) 4 fcs |<^ fe (L>)/| 2 , 

j=4 fc=0 

changing order in the sums, we get 

oo j — 4 oo oo 

j=4 k=0 j=0 k=0 

Hence, ifO<s<r + /i there exists a constant C" such that 

oo j— 4 oo 

C"e- h || { £ 4^-^) ( £ 2 fc ( r +' 1 ) b fc (I>)/|) 2 } ' ||lp < C"e- h \\ { ]T 4 fes |^(£>)/| 2 }^|| LP . 

j=4 fe=0 fe=0 

Again by Remark 2.4 we conclude that there exists C3 > such that for all e G (0, 1] and / G y(R n ), 

||a 3>e (a;,D)/||i r ..p <C3e- fc ||/||ff.,p. 

□ 

Corollary 2.9. Leta(x,£) be an elementary symbol in C^S'™ 1 (R 2n ). If r > and p G (l,oo) then for all 
ft > and all s G (0, r + ft) £/iere ermfc C > smc/i £ftat 

||o e (a;,D)/|| ff .„ < Ce-' l ||/||^ +m ,p. 

/or e e (0, 1] and f G ff s+m 'P(R"). 

Proof. We begin by writing ||a £ (o;, as 

(2.7) ||(o e (ir,I>)<I>x>- m )<I>x> m /lk-.p. 

Observing that (a(-,£) * Pe)tt(0 _m = (o(-,0)tt(0 _m ) * with a (': 0)U0~ m elementary symbol in 
C^S® ^M 2 ™) by applying Theorem 2.8 we have that if r > and p G (l,oo) then for all ft > and 
all s € (0, r + ft) there exists C > such that 

(2.8) \\(a s (x,D)(D x )- m )(D x ) m f\\ H s, P <Ce- h \\(D x ) m f\\ H s, P . 

Combining (2.7) with (2.8) we conclude that for all ft > and all s G (0, r + ft) there exists C > such 
that 

\\a e (x,D)f\\ H ..p <Ce- h \\f\\ H s +m , P 
for all £ G (0, 1] and all / G H s+m ^(R n ). □ 

It is well-known that a symbol a G C^5° 1 (]R 2n ) can be decomposed into a sum of elementary symbols. 
More precisely, referring to [21, p. 48-49] and [22, p. 18-20], we have that 

00 00 



v=\ k=0 



where, the sequence c v is rapidly decreasing and J2T=o a fc( x Vfc(£) i s an elementary symbol. In addition 
there exists a constant c > such that 



(2-9) K||oo<c, Klk<c2 



kr 
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for all values of k and v. Passing to the regularisation via convolution with a mollifier p s we easily see 
that 

a £ (x, - (a(; * p e )(x) = a lA x M(0, 

v k 

where a^ E (x) = a v k * p £ {x). We are now ready to prove the following theorem. 

Theorem 2.10. Let a(x,£) be a symbol in CJ5f\(M 2n ). // r > and p e (l,oo) then for all h > and 

all s € (0, r + ft) t/iere exists C > sztc/i £ftai 

||a £ (x,C)/||^, P <Ce-' l ||/||^, P 
/or a« e G (0, 1] and f G ff s+m >P(R"). 

Proof. It is not restrictive to assume that a has order 0. Making use of the decomposition into elementary 
symbols above we concentrate on 

k 

where we can assume that ||(/?o||i an d H^illi do not depend on v. We recall that in the estimates (2.9) 
the constant c does not depend on v and k. An investigation of the proof of Theorem 2.8, in which we 
make use of the results of Propositions 2.2 and 2.6, shows that if r > and p e (1, oo) then for all ft. > 
and all s e (0, r + h) there exists C\ > 0, independent of v and k, such that 

||^, e (x,I>)/|| ff .,p<Ci e - h ||/|| H . +m .p. 

for all e <G (0, 1] and / <G H s+m ' p (R n ). Since the sequence c v is rapidly decreasing in v we can conclude 
that for each h > and s € (0, r + h) there exists a constant C > such that 

||a e (a;,I>)/||H..P <Ce- fc ||/|| H . + ».p 
for all £ € (0,1]. □ 

We conclude this section with the following continuity result for pseudodiffcrential operators with regular 
symbol of type (1,6). 

Proposition 2.11. Let a e S^ s (M. 2n ) with 6 e [0, 1). If p e (1, oo) then for allseR there exists C > 
such that 

\\a £ (x,D)f\\ H s, P < C\\f\\ H s +m , P 

for all e e (0, 1]. 

Proof. We begin by observing that S™ s (M. 2n ) C C^^^K 2 ™) for all fe e N. This is due to the fact that 
the space of continuous and bounded functions with continuous and bounded derivatives up to order k 
is contained in C*(K n ) (see [21, Appendix A]). In detail, 

Ileocolic* < C sup ||D£D£a0c,OIU~(R-) < C«(0 mHa|+5fe < C a (0 ro " |a|+fc 

l/3|<fe 

and from the definition of S™ s (R 2n ), 

||^«(-'0lloo<c Q (0 m - |Q| . 
We can therefore fix s G (0, k) and apply Theorem 2.10 with h = 0. We obtain that 

IM^^O/llff-.P < C\\f\\ H s+m,p. 

Making now k vary in N we conclude that the previous mapping property holds for all s e (0, +oo) with 
C depending on s. Let us consider the transposed operator t a e (x, D) of a s (x, D). We can write 

t (a e (x,D))f = a e (x,D)f, 
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where a(x, £) = a(x, — £). Arguing as above and applying Theorem 2.10 to a £ (x, D) we have that for all 
s > there exists a constant C > independent of e such that for all e G (0, 1], 

\\ t a e (x,D)f\\ H .,,<C\\f\\ H . +m , P . 

Since (_ff s,p ' (K"))' = H- s ' p (R n ) with l/p+l/p' = 1 by duality methods we obtain that 

\\a E (x,D)f\\ H -s-m, P < sup \{a £ (x,D)f,g)\ = sup |(/, t a £ (x, D)g)\ 

llflll^ + m.p'^l llsll ff a + m ,p'<l 

< \\f\\ H -sA t ^{x,D)g\\ Ha , pl <C\\f\\ H s, P . 

This means that for all s < 0, 

\\a s (x,D)f\\ H s- m , P < C||/||ij s , P , 

or in other words, 

\\a £ (x,D)f\\ H s, P <C\\f\\ H s +m , P . 

for s < —m. 

We now take the interpolation couples {Hp 0+m , Hp 1+m } and {H* , H* 1 }, with s = -m — A, Si = A, 

A > 0. The net of operators a £ (x,D) maps Hp 3+m into Hp 3 for j = 0, 1 and fulfills the hypothesis of 
Proposition 1.7 with cj , e = c > and wi j£ = Ci > 0. Making use of (1.6) and of Proposition 1.7 wc 
conclude that 

IMz, - D )/llj^+"' < max(co,ci)||/||/r», P 

for all e G (0, 1] and for s = (1 — 6>)so + 0si with 9 e (0, 1). This means that also for s e [— m, 0] (if 
to > 0) and for s G [0, — m] (if to < 0) there exists some constant C > such that 

\\a e {x,D)f\\ H s, P <C\\f\\ H . +m , r 

for all e G (0,1]. □ 



3 L p and Sobolev boundedness of nets of pseudodifferential op- 
erators with regular symbol 

This section is devoted to nets of pseudodifferential operators a £ (x,D) with regular symbol, i.e. a £ G 
S^R 2 ™), depending on the parameter e G (0, 1]. We recall that a G S m (R 2n ) if and only if 

Wth SU P (0- m+lal \d?dZa(x,Z)\<oc, 

(z„5)GR 2 " 

for all a, (3 G N™. Differently from the previous sections, we do not require that a £ is generated by a 
symbol a via convolution with a mollifier p £ . We therefore consider a wider class of nets a £ {x,D) with 
respect to Section 2. We want to investigate the LP and Sobolev boundedness of a net of pseudodifferential 
operators a £ {x,D) with (o e ) e G 5 m (M 2 ")(°' 1 l. This requires the following lemmas whose proof can be 
found in [25, Lemma 10.9], [9, Theorem 2.5] and [25, Lemma 10.10]. 

Lemma 3.1. Let Qq be the cube with center at the origin and edges of length 1 parallel to the coordinates 
axes in R n . Let rj G C^°(R") be identically 1 on Q . Let a G S^R"), a m (x, £) = r/(x — m)a(x,£) for 
to G Z" and 

a m (\0= c- lXx a m (x,£,)dx. 
Then, for all a G N™ and all N G N there exists C > depending only on n, r\ and N such that 

\D%a m (\,0\<C sup \a\W(®-W(\)- N , 

\p\<n 

for all (A,0 G M 2 ". 
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Lemma 3.2. Let f G C k (R n \ 0), k > n/2, be such that there exists B > for which 

\D«f(Z)\<B\Z\-W, ^0, 

for all a G N" with \a\ < k. Then, for all p G (1, oo) there exists C > depending only on p and n, such 
that 

\\f{D)(<p)\\ p <CB\\<p\\ p , 

for all ip e J^(R"). 

Lemma 3.3. Lei a <= S^R 2 ™) and if a &e tfte distribution F^ z (a(x,£)) in y'(M. 2n ). Then, 
(i) for each x G R", K a (x, •) is a function defined on R™ \ 0, 

^ /or each N sufficiently large there exists a constant c, depending only on N and n such that 

\K a (x,z)\<c sup |a|^ 0) \z\~ N 

\a\<N 

for all z ^ 0, 

(Hi) for each ifR" and <p G y(M. n ) vanishing in a neighborhood of x, 



a(x,D)tp(x) = / K a (x,x — z)tp(z) dz. 



Theorem 3.4. Let (a e ) e G 5 (R 2n )(°' 1 J and p G (l,oo). Then, there exists N G N and a constant C 
depending only on n, N and p such that 

\\a s {x,D)ip\\ p < C sup |a £ |^ 0) o||^|| p , 

\a+/3\<N 

for all ip G .Y(R n ) and e G (0, 1]. 

Proof. As in the proof of Theorem 10.7 in [25] we write R™ as a union of cubes Q m , where Q m is the cube 
with center m G Z m and edges of length 1 which are parallel to the coordinate axes. Let Q m and 
be cubes with center m and edges parallel to the coordinate axes with length 3/2 and 2, respectively. It 
follows that Q m C Q* m C and that for some 5 > one has \x — z\ > 5 for all x G Q m and z G R" \ Q* m . 

Let now ip G C£°(R n ) be such that < ip < 1, supp?/; C Ql* and ^(z) = 1 on a neighborhood of Qq. I* 
follows that ip m (x) = ij)(x — m) has support contained in and ip m {x) = 1 on a neighborhood of Q* m . 
For each ip G we can write <p = ^i, m + ifi2,m, where (pi, m — ip m <p and <p2, m = (1 — V ; m)^i an d then 

a e (a:, L>V = ffleC^j £>Vi,m + a e (a;, D)ip 2 , m . 

It is clear that 

(3.10) \\a e (x,D)<p\\r= V / \a e (x, D)<p(x)\* dx 

<2ffV / \a e {x,D)<pi im {x)\*dx+ [ \a E (x,D)^ m (x)\Pdx 



m£2 



Our proof consists of three steps: 

1. estimate of Jq |a e (a:, £>)</?i, m (a;)| p dx, 

2. estimate of Jq |o e (a;, D)ip2. m {x)\ p dx, 

3. combination of 1 and 2. 
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Step 1. We begin by considering 

/ \a e {x,D)v{x)\ p dx, 

where v € y(R n ). Let r\ e C^°(W l ) be identically 1 on Q and a m (x,£) = r\{x — m)a(x,£). Hence, 
(3.11) f \a £ (x,D)v(x)\ p dx< f \a m . £ (x, D)v(x)\ p dx. 

JQ m JE" 

Since a nii£ is compactly supported in x we can write a mt£ (x, D)v(x) as 

f &ix x f e i^a m , £ (X,Ov(0^^= [ e ixX a m , £ (X,D)(v)(x)SX 
JR" Jr™ Je™ 



From Lemma 3.1 we have that for all TV <G N 



\D%a m , £ (\0\<C sup \a m JV (0~ M W~ N , 

\0\<N 

where C depends only on n, rj and N. We can therefore apply Lemma 3.2 to /(£) = a m;£ (A, £) with 

B = C sup \a m J°U\)- N 

|/3|<iV,|a|<|n/2J+l 

and obtain that there exists a constant C , depending on n, N, rj and p such that 
(3.12) ||S m , e (A,D)( U )(x)|| i p (H » ) <C sup \a m AT p {\)- N \\v\\ P 

|0|<iV,H<|n/2J+l 

for all A e R", for all e e (0, 1], for all m e Z" and for all w e J^(R"). An application of the Minkowski's 
inequality in integral form leads from (3.12) to 



|a m , e (A, D)(v)\\ p = 



f e ixX a mi£ (\,D)(v)(x)ct\ * dx)* < [if 

JR™ J JR™ LjR 

= [ \\a m , £ {\,D)(v)\\ p ct\<C' sup 

JR" |/3|<W,|a|<Ln/2j+l 

Thus, choosing N = n + 1 we get 
(3.13) 



|a mi£ (A, D)(u)(a;)| p dx | <fA 
/ (A)- N ^A||«|| P . 

JR" 



||a m>e (A,£»)(u)|| p < C sup |<wli « |M| P , 

|/3|<n+l, 
|a|<|n/2J+l 

valid for all m e 1 n , for all e G (0,1] and w e ^(R"). Going back to f Qm \a £ (x, D)y hm (x)\ p dx, the 
estimate (3.13) combined with (3.11) yields 



(3.14) / \a £ {x,D) Vlim {x)\ p dx<\\a mi£ {\D){ Vhm )\\ p <C p { sup \a m J^) p \\ Vl 

JO m \P\<n+l, 



H<|n/2J + 1 



IIP 
m lip; 



where C p does not depend on m and e. 

Step 2. We now want to estimate Jq |a e (a:, -D)(yS2.m(a:)| p da;. We start by studying \a £ (x, D)ip2. m (x) 
when x € Q m . Since <^2 m is identically on D Q m from Lemma 3.3 we have 
(3.15) 



\a e (x,D)ip 2 , m (x)\ 



/ K ac (x,X - z)ip 2 ,m(z)dz <C SUp |a £ |^ 0) / \X~Z\ 2N \ip 2 ,m(z)\dz 

Jl" |q|<2AT ' JM"\Q^ 



valid for 2iV > n and for all a; <G Q m with some constant c depending only on n and N. Let us fix 
A > y/n+ 1. Since \x — z\ > S for all x <G Q m and all z£R"\ Q* m , there exists a constant Ca,at such that 



(3.16) 



x - z 



-2N 



(A+ \x-z\) 



-2N 



<Ca, 



N 
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on the same domain and, for all x € Q m , 

(3.17) A + \x - z\ > A + \m - z\ - \x - m\ > (A - ^-) + \m - z\ > ^ + 1 + \m - z\ = p. + \m - z\. 
Combining (3.15) with (3.16) and (3.17) we get the estimate 

(3.18) \a e {x,D)ip 2 . m {x)\ < c sup |a e |^ 0) / C\. N (X + \x - x\)~ 2N \(p 2 . m (z)\ dz 

\a\<2N ' JR"\Q^ 

^ n I l(0) f (M + \ X ~ Z \)~ N \ I M j 

<cC x ,n sup \a £ \ y a0 — — rrjj-lwMz) \ dz > 

valid for all x € Q m and all e e (0, 1]. By Minkowski's inequality and Holder's inequality we can write 



Q-n 



\a £ (x,D)ip 2 , m (x)\ p dx 



<cC x . N sup \a£l f If fc+l* A) ~ N N P \^ m {z)\ p dxYdz 
\&\<2N ir\Q; UQ m (fi-\-\m — z\) i J ) 

= cC,, N sup \aeCf '^ m(Z) ' {/ {p+\x-z\)-^dxYdz 

\*\<2N ' JR"\Q' m (V+\m- z\) N [J Qm J 

ri I l(°) f \f2.m(z)\ , 

= C \N, P sup \a E \ y a0 J—T- ~KN dz 



«£i ,1 f [ \<P2,m( Z )\ P 



<C x ,N,p sup \a £ \ { °U / (^+|m-z|) 2' dz) II "'''"' v " / ' Wp ^ 

H<2AT UR»\Q; J Ul"\Q^ (/x + I to - zl)" 5 " 

At this point choosing TV large enough (Np'/2 > n) we obtain that there exists a constant Ca,at, p , 
depending only on A, N and p such that 

(3-19) / \a e {x,D)y 2tm {xWdx<C KN , p ( sup |a £ |i 0) ) p / ^."(^ _ dz? 

JQ„ |a|<2W ^R n \Qj, (A* + \ m — z \)~ 

for allmeZ™ and e G (0,1]. 

Step 3. A combination of (3.10) with (3.14) and (3.19) yields 

\\a e (x,D)<p\\l<7FC p ( SU P K,eft)l^i, m ||£ 

+ 2*<W sup KlJ))' 2 / : '^ m(z) 'L ^ 

l Q l^ 2Ar ' m gz»«"\«; (/i+|m-z|) 2 

with A > ^/n + 1 and Ap > 2n(p — 1). From the definition of a m . £ , <pi. m and ip2,m we get (f° r some new 
constant C p ), 



(3.20) \\a £ (x 1 DM;<2t>C p ( sup kfif ]T / \<p(x)\' dx 

+ 2><W sup |« £ |£^ )- E / - l ^ miz)l " dz 
\«\<2N ' meZ „JR"\Q^ (/x+|to-z|) — 

<2*>C P ( sup |a £ |i°i) P 2 / \<p{x)\*dx 

+ 2><W sup \a e O P EE/ ; '^ m(Z)l ,%^ - 

M<2JV m£Z „ ; _, m J Ql (/i + |TO - z|) — 
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Arguing as in (3.17) we have that \x + \m — z\ > 1 + \m — l\ when z € Qi with I ^ m. Hence 

EE/ ; Km(z)l L dz< y, Ea+N-'ir* / i^wr^ 

< Y E( 1 + i m -^i)^ / i^, m wi p dz< ^(i + Hr^E / i^)i p<fe - 

At this point choosing 7Vp > max(2n(p — 1), 2n) and going back to (3.20) we obtain the estimate 

<"> (/' / i») v N 

|a|<L"/2J+l 

valid for all e e (0, 1] and <p e ^(M™). This completes the proof. □ 



(3.21) \\a e {x,D)y\\l<C p , n>N ( sup |o e |^+( sup |a e |^ ) 

|/3|<n+l, |a|<2JV 



Remark 3.5. We recall that a net of symbols (a £ ) £ in S^IR 2 ™) is moderate if for all a, f3 e N™ there 
exists JVeN such that 

klS = o(s- N ) 

as e — > 0. This is the typical representative of a generalised symbol in the Colombeau framework as 
defined in [6, 7]. Theorem 3.4 shows that the net (a £ (x, D)ip) e has in the norm || • || p the same kind of 
dependence on e of the symbol (a £ ) £ . It follows that, via action of the corresponding pseudodiffercntial 
operator, moderate nets of symbols provide moderate nets of LP functions. 

Corollary 3.6. Let (a £ ) £ G S m (R 2n )^ and p e (l,oo). Then, for all s e R there exists JVeN and a 
constant C depending only on n, N , m, s and p such that 

\\a £ (x,D)(p\\ H s, P < C sup \a £ \ ( ™I \\ip\\ H s+ m , P , 

\a+0\<N 

for all ip e y(R n ) and e e (0, 1]. 

Proof. Apply Theorem 3.4 to the pseudodiffercntial operator with symbol (£) s j)a e (a;, £)tK£) _s_m - ^ 
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